
§·¤æ§ü / Unit-I

1. (a) ×æÙ ÜèçÁ° R+ âÖè ÏÙ ßæSÌçß·¤ â¢BØæ¥ô´
·¤æ »é‡ææˆ×·¤ â×êãU ãñUÐ °·¤ ÂýçÌç¿˜æ‡æ
f : R+ R+, f (x) = x2,  x  R+ mæÚUæ
ÂçÚUÖæçáÌ ãñUÐ çâh ·¤èçÁ° ç·¤ f °·¤
Sßæ·¤æçÚUÌæ ãñUÐ

FD-2759
B.Sc./B.Sc. B.Ed. (Part-III)

Examination, 2022

MATHEMATICS

Paper - II

Abstract Algebra

Time : Three Hours] [Maximum Marks : 50

ÙôÅU Ñ ÂýˆØð·¤ ÂýàÙ âð ç·¤‹ãUè´ Îô Öæ»ô´ ·ð¤ ©UîæÚU ÎèçÁ°Ð
âÖè ÂýàÙæð´ ·ð¤ ¥¢·¤ â×æÙ ãñ´ UÐ

Note : Answer any two parts from each question. All
questions carry equal marks.
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Let R+ be the multiplicative group of all

strictly positive real number. Define

f : R+ R+ by f (x) = x2,  x  R+

Prove that f is an automorphism.

(b) ©UÂâ×êãU ·ð¤ Âýæâæ×æ‹Ø·¤ ·¤ô ÂçÚUÖæçáÌ

·¤èçÁ°Ð çâh ·¤èçÁ° ç·¤ ç·¤âè â×êãU ·ð¤

©UÂâ×êãU ·¤ô Âýæâæ×æ‹Ø·¤, â×êãU ·¤æ °·¤

©UÂâ×êãU ãUôÌæ ãñUÐ

Define a normalizer of a subgroup. Prove

that a normalizer of a subgroup of any

group is a subgroup of a group.

(c) ×æÙ ÜèçÁ° ç·¤ G ·¤ôçÅU v®} ·¤æ °·¤

â×êãU ãñUÐ çÎ¹æ§° ç·¤ G ·¤æ ·¤ôçÅU w|

Øæ ~ ·ð¤ °·¤ Âýæâæ×æ‹Ø ©UÂâ×êãU ·¤æ

¥çSÌˆß ãUôÌæ ãñUÐ

Let G be a group of order 108. Show

that there exists a normal subgroup of
order 27 or 9.
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§·¤æ§ü / Unit-II

2. (a) çâh ·¤èçÁ° ç·¤ °·¤ ßÜØ ·¤æ ÂýˆØð·¤ çßÖæ»

ßÜØ, ©Uâ ßÜØ ·¤æ â×æ·¤æÚUè ÂýçÌçÕ`Õ ãUôÌæ

ãñUÐ

Prove that every quotient ring of a ring,

is homeomorphic image of the ring.

(b) çâh ·¤èçÁ° ç·¤ Âê‡ææZ·¤ô´ ·¤æ ßÜØ °·¤ ×éBØ

»é‡æÁæßÜè ßÜØ ãUôÌæ ãñUÐ

Prove that ring of integers is principal

ideal ring.

(c) Îàææü§° ç·¤ ° R-×æòÇKêÜ M ·ð¤ Îô ©UÂ×æòÇKêÜ

·¤æ âßüçÙcÆU Öè M ·¤æ °·¤ ©UÂ×æòÇKêÜ ãUôÌæ

ãñUÐ

Show that the intersection of two

submodules of an R-module M is also a

submodule of M.
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§·¤æ§ü / Unit-III

3. (a) K ·ð¤ ç·¤â ×æÙ ·ð¤ çÜ° âçÎàæ (1, K, 5),

V3(R) ×ð´ âçÎàæô´ (1, –3, 2) ¥õÚU (2, –1, 1)

·¤æ °·¤ƒææÌ â¢¿Ø ãñUÐ

Find the value of K for which the vector

(1, K, 5) of V3(R) is a linear combination

of (1, –3, 2) and (2, –1, 1).

(b) çâh ·¤èçÁ° ç·¤ ÂýˆØð·¤ ÂçÚUç×Ì ÁçÙÌ âçÎàæ

â×çcÅU ·¤æ °·¤ ÂçÚUç×Ì ¥æÏæÚU ãUôÌæ ãñUÐ

Prove that every finitely generated vector

space has a finite basis.

(c) V4 ·ð¤ ÚñUç¹·¤ âçÎàæô´ ·ð¤ ©UÂâ×é“æØ

{(1, 0, 1, 0), (0, 0, 0, 1)} ·¤ô V4 ·ð¤ ¥æÏæÚU

·ð¤ M¤Â ×ð´ çßSÌæçÚUÌ ·¤èçÁ°Ð

Extend the linearly independent subset

{(1, 0, 1, 0), (0, 0, 0, 1)} of V4 to form a
basis of V4.
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§·¤æ§ü / Unit-IV

4. (a) çâh ·¤èçÁ° ç·¤ ÂýçÌç¿˜æ‡æ f : V2(R)  V3(R),

Áô f (a, b) = (a + b, a – b, b) âð ÂçÚUÖæçáÌ ãñU,

°·¤ ÚñUç¹·¤ M¤Âæ¢ÌÚU‡æ ãñUÐ

Prove that the mapping f : V2(R)  V3(R)
which is defined by f (a, b) = (a + b,
a – b, b) is a linear transformation.

(b) ÚñUç¹·¤ M¤Âæ¢ÌÚU‡æ T : V2  V3 Áô

T(x1, x2) = (x1, x1 + x2, x2) mæÚUæ ÂçÚUÖæçáÌ

ãñUÐ T ·¤æ ÂÚUæâ, ¥çcÅU, ÁæçÌ ÌÍæ àæê‹ØÌæ

™ææÌ ·¤èçÁ°Ð

A linear transformation T : V2  V3 be
defined by T(x1, x2) = (x1, x1 + x2, x2).
Find the range, kernel, rank and nullity
of T.

(c) Üñ»ýæ¢Á ·¤è â×æÙØÙ çßçÏ âð çmƒææÌè â×ƒææÌ

2 2 2
1 2 1 2 3 1 32 4 7 8q x x x x x x x    

·¤æ çßçãUÌ â×ƒææÌ ×ð´ â×æÙØÙ ·¤èçÁ° ¥õÚU

©Uâ·¤è ÁæçÌ, âê¿·¤æ¢·¤ ¥õÚU ç¿çqïU·¤æ ™ææÌ

·¤èçÁ°Ð
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By the method of Lagrange’s reduction,
change the quadratic form

2 2 2
1 2 1 2 3 1 32 4 7 8q x x x x x x x    

into canonical form and find its rank,
index and signature.

§·¤æ§ü / Unit-V

5. (a) @Øæ   1 2 2, a b a    ,  = (a1, a2),

 = (b1, b2) °·¤ ¥æ¢ÌÚU »é‡æÙ ãñU?

Is   1 2 2, a b a    ,  = (a1, a2),

 = (b1, b2) an inner product ?

(b) àßæÁü ¥âç×·¤æ ·¤æ ·¤ÍÙ çÜ¹·¤ÚU çâh

·¤èçÁ°Ð

State and prove Schwartz’s inequality.

(c) çâh ·¤èçÁ° ç·¤ °·¤ ¥æ¢ÌÚU »é‡æÙ â×çcÅU ×ð´

âçÎàæô´ ·¤æ Âýæâæ×æ‹Ø â×é“æØ ÚñUç¹·¤ÌÑ SßÌ¢˜æ

ãUôÌæ ãñUÐ
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Prove that in an inner product space, any
orthonormal set of vectors is linearly
independent.

———
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