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ED-2811
M.A./M.Sc. (Final) Examination, 2021
MATHEMATICS
Optional

Paper - IV (11)

Wavelets

Time : Three Hours] [Maximum Marks : 100

Note : Answer any two parts from each question. All
questions carry equal marks.

Unit-1

1. " (a) State and prove Balian-low theorem for
g €LX(R).

(b) Let {Vj :j € Z } be a sequence of closed
subspaces of L2(R) satisfying

(@) ngVj+1 Vjeuz
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(2)

(i) f(x) € V] if and only if f(2x) € Vj+1
VjeZ

(777) There exists a function ¢ €V}, such

that {0 (x—k)|keZ}

is an orthonormal basis for " and

|(f)| is continuous at 0. Then prove

that the following two conditions are
equivalent :

@ ¢(0)=0,
@ U7 =1 (R)

(c) Let r be a non-negative integer. Let y be
a function-in . C”"(R) such that

|1|I(X)|S# for some €>0,

(1+ | ¥ |)r+1+e

and that llf(m) eLl”(R) for m=1,2,...r.

If {W;xlj,k€Z} is an orthonormal

system in L%(R), then all moments of
upto order r are zero; i.e.

ijmw(x)dx =0V m=0,1,2...r.
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Unit-11

2. (a) Suppose feI? (R), then prove that f is
orthogonal to Wj if and only if
2f(§+2j+lkn)ﬁf(2_j§+2kn)=0 for
keZ
ae. EelR.

(b) Suppose yel?(R) and p=li| has

support contained n

S22yl 2nEn

303 33l Then prove
that y is an orthonormal wavelet if and
only if

(i) b2(§)+b2(%j=l for ﬁe[%n,gn}

(i) b? (§)+b2 (&+2m)=1 for
4 -2
Ee [?n,?n}
(iit) b(E) =b(%+2n) for &e[%gn,?n}
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(c) Suppose N=1, 2, 3,...., then prove that

S ()

where P, is a trigonometric polynomial
satisfying :

() Py is an even function, and

Py (k)= ()" v ke z.

(i) when N is odd, P, is m-periodic and
Py (€)>0 for all EeTR.

(iii) when N 1s even,
PN(§+TC):_PN(§) for all &_’ER
Unit-I11

3. (a) Let. H be a Hilbert space and

{ej :j=1,2,....} be a family of elements
of H, then prove that

. 2 — 2
@ I =2|<f,ej >|“ holds for all
Jj=1
feH if and only if
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@) f= 2< Jf.e;>e; with convergence
J=1

in H, for all feH.

(b) Prove that

> 217 (27E)w () X1 7 (27 (& + 2km))

jeb k#0

W (&+2km) | dE <o

(¢) If y is an orthonormal wavelet, then
prove that

i(2e)- 22 (2" e+ 2km) (2 2.+ 24m)

W2 )
for all n>1.
Unit-IV

4. (a) Suppose that gel? (R) and that
{gmn() ezmmxg(x—n)|m,neZ} is a

frame for 2 (R) Let é‘ES_lg, where

S=F*F and F is a frame operator.
Then prove that

2mimx ~

Em,n (x):e g(x_n):ém,n(x)

for mneZ.
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(b) Let yel? (R) be such that

1

Then prove that {lllj,k | J, ke Z} is.a‘frame

with frame bounds A4, and By

(c) Suppose that gel’ (R) and that

{gma (x) =g (x=n) | mnez} is a
frame with frame bounds 4 and B. Then
prove that\0< 4 <|Rg(s,?) ?<B<oe and
eZﬂ:imseZTEint

(Rém,n)(s’f)=m

Unit-V

5. (a) If N =29 then prove that C,=E,E,..E ,
where each E. is an N x N matrix suc
that each row has precisely two non-zero
entries.
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(7)
(b) Prove that the sequence
{uj’k|j€Z,OSkSlj—l} given by

Ujk (x)= [_iwj (x)COS[n(k+%)[x;jaj Der

is an orthonormal basis for 72 (Z)

(¢) What do you mean by decomposition of
wavelets ? Write in detail “how Haar
wavelet ~ works  for doing » the
decomposition algorithm”.
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